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1 Abstract

This report gives the details an algorithm for determining whether two matrix groups
are conjugate to one another. Each group is designated by a pair of matrices that generate
the group. The algorithm is able to determine whether the two generated groups are
conjugate to one another without actually generating the groups.

2 Introduction

The primary question we are trying to answer is how many isomorphic copies of S

exist in the set of all non-singular 5x5 matrices over GF(2). (GF(2) is the integers

modulo 2.) Especially we want to know how many conjugacy classes there are in the set

of such groups. (At this point | suspect the answer is either 1 or 4, but later with that.)
Given two pairs of generators (M;,M,) and (N;,N,), we want to know if the

generated groups are conjugate. (These are 5x5 matrices in our current application. We
could use this algorithm for other sizes of matrices, and I've attempted to keep this
discussion as generic as possible, but the 5x5 thing is going to creep in here and there.)
Note that this algorithm is motivated by the older algorithm which would take 20
years or so to run to completion for 5x5 matrices. The older agorithm enumerates the
generators. All order 2's are placed in one set al order 5's in another. Choose one matrix
from each set. Test al pairs. The test generates the group. If the group size exceeds 120
(we are looking for isomorphic copies of S;) we abort and discard the generators.

Otherwise, we generate all conjugates and compare against saved groups we' ve aready
found. If there is no match we publish the generator pair and save the group for other

n-1 )
comparisons. Otherwise we discard it. The main difficulty is that there are H(Z” -2)

i=0
nonsingular nxn matrices. For n=5 this is 9,999,360 potential conjugate matrices.
There are 666,624 order 5 matrices and 6,975 order 2 matrices. We can cut the number of
pairs by eliminating al powers of matrices from the order 5’'s. Given two matrices A and
B, with A order 5and B order 2, A*, A’, and A" are also order 5 matrices, and will
generate the same group with B as does A. After eliminating all higher powers we end
up with 166,656 order 5 matrices.



The idea that we need an order 5 and an order 2 matrix to generate a copy of S
comes from the well known fact that the permutations (1,2,3,4) and (1,2,3,4,5), in cycle
notation, generate S,. (1,2,3,4,5)(1,5)=(1,2,3,4), so0 (1,2,3,4,5) and (1,5) generate S, as

well. Since (1,2,3,4,5)=(2,3,4,5,1)=(3,4,5,1,2)=(4,5,1,2,3)=(5,1,2,3,4), we can replace
(1,5) with (1,2), (2,3), (3,4), or (4,5). (Problem: given an order 2 matrix, assume it is the
matrix equivalent of one of these 5. Find the matrices for the other 4.)

3 Foundations of the Algorithm

To attempt to answer the conjugacy question more quickly, we ask ourselves under
what circumstances is there a non-singular matrix A such that M;A= AN, and

M,A= AN,. The generated groups can still be conjugate, even if such an A does not

exist (I think). The conjugacy matrix does not have to map the generators precisely.
However, if the generators are conjugate in this fashion, then the generated groups are
definitely conjugate. This technique may generate some false positives for non-conjugate
groups, but these can be resolved using brute force techniques.

To begin with, we ask ourselves under what circumstances is there a matrix A such
that

MA= AN 1)

for some pair of matrices (M,N). (Note that the zero matrix is always a trivia

solution to equation (1). Weinsist that the matrix A be non-singular.)
Let

m, m, M, m, Mg
My, My, My M, My
M=m; m, m; m, mg
m, m, Mz m, Mg

m, M, M; M, Mg

and



a, 8, & a, a5
Q1 By Hy By G
A= Ay Gy Gy &y &y
Ay Q4 Y3 Yy s

B, B, 53 By Ggs

Multiplying out according to equation (1) gives us 25 equations:

rnL,lal,l + rq,ZaZ,l + rT!L,3a3,1 + I'T‘!L4a4,l + r‘nl,5a5,1 = ai,lnl,l + a1,2n2,l + a1,3nS,l + a1,4n4,1 + a1,5n5,1
rr![,lal,Z + m,zaz,z + rr!L,SaS,Z + rnl,4a4,2 + rr![,5a5,2 = al,lnl,Z + a1,2n2,2 + a1,3n3,2 + a1,4n4,2 + a1,5nS,2
rn[,lal,3 + rnl,282,3 + rnl,3a3,3 + nl,4a4,3 + rr!l,5a5,3 = al,lnl,S + a1,2n2,3 + a1,3n3,3 + ai,4n4,3 + a1,5n5,3
rn[,lal,4 + rnL,Za’ZA + rnL,SaSA + rr!l,4a4,4 + rnL,Sa‘E:A = al,lnl,A + a1,2n2,4 + a1,3n3,4 + a1,4n4,4 + a1,5n'5,4
rr!l.,lal,S + I‘]"!I.,2a2,5 + rn.l.,3a3,5 + rn.l.,4a4,5 + rT!l.,5a‘5,5 = a!l.,ln.l.,S + a:l.,2r12,5 + a:I.,3n3,5 + afl.,4n4,5 + a1,5n5,5
I’n'Z,la:I.,l + rnZ,ZaQ,l + I’n'2,3a3,l + rn2,4a'4,1 + rnZ,SaS,l = a2,lnl,1 + a2,2n2,1 + a2,3n3,1 + a2,4n4,1 + a2,5r]5,1
My 8o + My o8, + My 8, + M, 48, M85, = 8yl p T 8,51, + 850, + 8, 4Ny, + 361
rnZ,lal,3 + an,ZaZ,S + rnZ,3a3,3 + r’nZ,4a'4,3 + rT‘|2,5a5,3 = a?,ln1,3 + a2,2n2,3 + a1,3n3,3 + a2,4n4,3 + a2,5n'5,3
rnZ,laiA + rnZ,2a2,4 + rnZ,3a3,4 + rnZ,Aa'4,4 + rnZ,SaS,A = a?,lnl,él + a2,2n2,4 + a2,3”3,4 + a2,4n4,4 + a2,5r]5,4
rnZ,lai,S + rnZ,ZaZ,S + rnZ,3a3,5 + rnZ,4a4,5 + rnZ,SaS,S = aZ,lnl,S + a2,2n2,5 + a2,3nS,5 + a2,4n4,5 + a2,5n'5,5
rTl&,la:l.,l + rT13,2a2,1 + rn&,SaS,l + rn3,4a'4,1 + rn3,Sa‘5,1 = a3,1'0‘1].,1 + a3,2nZ,1 + a1,3"-13,1 + a3,4n4,1 + a3,5n5,1
My + My 58,5 + My 5385, + 1M 48y 5 + Mg, = 8331y + 8551 5 + 8y 515 + 85,1, + 3361,
My 183+ My o8 3+ My 85 + My )8y 3 + My 855 = Ayl 5+ 85,51, 5+ 8 5l 3+ 85,1 3+ 8355
n%,laiA + %,2a2,4 + rT.5,383,4 + rTg,4a4,4 + I’T‘ll*},5a5,4 = aS,lnl,4 + aC*),2r12,4 + a1,3n3,4 + a3,4n4,4 + a3,5n'5,4
rrE,lafl,5 + rnS,Za?,S + rnB,BaS,S + rrE,4a'4,5 + rnd,5a5,5 = a3,lnl,5 + a3,2"]2,5 + afL,SnS,S + a3,4n4,5 + a3,5n5,5
m4,la1,l + m4,2a2,1 + m4,3a3,1 + m4,4a4,1 + mA,SaS,l = 4,1nl,l + a'4,2r]2,1 + a4,3n3,l + a’4,4n4,l + a’4,5n5,1
m4,la1,2 + m4,2a2,2 + m4,3a3,2 + m4,4a4,2 + m4,5a5,2 = 4,lnl,2 + a4,2".12,2 + a'4,3n3,2 + a4,4n4,2 + a4,5n5,2
m4,1a1,3 + m4,2a2,3 + m4,3a3,3 + m4,4a4,3 + m4,5a5,3 = 4,lnl,3 + a4,2n2,3 + a4,3n3,3 + a4,4n4,3 + a4,5nS,3
m4,1a1,4 + m4,2a2,4 + m4,3a3,4 + m4,4a4,4 + m4,5a5,4 = a'4,1nl,4 + a4,2nZ,4 + a4,3nS,4 + a4,4n4,4 + a'4,5n5,4
m4,1al,5 + m4,2a2,5 + m4,3a3,5 + m4,4a4,5 + m4,5a5,5 = 4,lnl,5 + a'4,2r]2,5 + a4,3nS,5 + a'4,4n4,5 + a'4,5n‘5,5
rn:'z,lal,l + rnS,ZaZ,l + rn:':,3a3,l + rn:':,4a4,l + rnS,5a‘5,l = aS,lnl,l + aS,ZnZ,l + a‘:':,3n3,l + a‘:':,4n4,1 + a5,5n5,1
rn5,1a1,2 + rnS,ZaZ,Z + rn:'>,3a3,2 + rn:':,4a4,2 + rnS,SaS,Z = aS,lnl,Z + af:,2n2,2 + aS,SnS,Z + a5,4n4,2 + a5,5n5,2
rn:'),lai,li + rn:':,2a2,3 + rTE,3a3,3 + rn5,4a'4,3 + rT‘I\S,5a5,3 = a5,1nl,3 + aﬁ,2n2,3 + a‘5,3”3,3 + a‘5,4r]4,3 + a‘5,5nS,3
rrlj,lalA + rT1’),2a2,4 + rrlj,3a3,4 + rT]E;,4a4,4 + r‘n5,5a5,4 = a5,1nl,4 + a5,2“2,4 + a5,3nS,4 + a5,4n4,4 + a5,5nS,4
rrlj,lalﬁ + rnS,ZaZ,S + rnS,3a3,5 + r"’]5,4a4,5 + n}a,SaS,S = a5,lnl,5 + a5,2n2,5 + a5,3n3,5 + a5,4n4,5 + a5,5n'5,5



Recalling that these matrices are over GF(2) , addition is the same as subtraction, and
these eguations can be rewritten as follows.

rr!l.,lail.,l + rn.l.,2a2,1 + rr!l.,3a3,l + nN!I.,4a4,1 + rn.l.,5a‘5,1 + al,lnl,l + a1,2n2,1 + a1,3n3,1 + a1,4r]4,1 + a1,5n5,1 =0

M y8y 5+ M8, + My g8, + M8, 5 + My g8, + 8N, +8 5Ny + 85N, +8 N5 + 851, =0

M 18y 5+ M58 5+ M 85+ M 8,5+ M85+ ANy g+ 8 oMy 3 + 85Ny 5 + 3y Ny 5+ 85Ny 3 =0
rn[,lal,4 + rn[,2a2,4 + ml,333,4 + rnl,4a'4,4 + rn[,5a5,4 + a1,ln1,4 + a1,2nZ,4 + ai,3n3,4 + a1,4n4,4 + a1,5n5,4 = 0
rn[,lal,S + rr!l,2a2,5 + rnl,3a3,5 + rnl,4a4,5 + rn[,5a5,5 + al,lnl,S + a‘l,2r]2,5 + al,3n3,5 + al,4n4,5 + a1,5n'5,5 = O
rnZ,lai,l + rnZ,ZaZ,l + rnZ,BaS,l + rn2,48‘4,1 + rnZ,SaS,l + aZ,lnl,l + a2,2r]2,1 + a2,3n3,1 + a2,4n4,1 + aZ,SnS,l = O
rnZ,lal,Z + rn2,2a2,2 + rnZ,SaS,Z + rn2,4a'4,2 + rTlZ,Sa‘S,Z + a2,1n.l.,2 + a2,2n2,2 + a2,3n3,2 + a’2,4n4,2 + a2,5'015,2 = O
My 18y 5+ 1M, 58, 5+ My 855 + 1M, &, 5+ My B+ 8y My 5+ 8, 5N, 5+ 8 M+, N3+ 35 =0
I’n'Z,laIL,4 + rnZ,2a2,4 + r‘n'2,3a3,4 + IfnZ,4a4,4 + r‘n'2,5a5,4 + a2,1nl,4 + a2,2nZ,4 + a2,3n3,4 + a2,4n4,4 + a2,5rl5,4 = 0
rnZ,lal,S + rnZ,2a2,5 + rnZ,3a3,5 + n12,4a4,5 + n»lZ,SaS,S + a2,lnl,5 + a2,2n2,5 + a2,3n3,5 + a2,4n4,5 + aZ,SnS,S = 0
rrE,lai,l + rnS,ZaZ,l + rnS,SaS,l + rr!3,4a4,1 + rnS,SaS,l + aS,lnl,l + aS,ZnZ,l + al,SnB,l + a3,4r]4,l + a3,5n'5,l = O
rns,lai,Z + rnS,ZaZ,Z + rnS>,3a3,2 + rrE,4a'4,2 + rr!B,SaS,Z + a3,lnl,2 + a3,2”2,2 + a1,3n3,2 + a3,4n4,2 + a3,5n5,2 = O
rn&,lal,3 + rn3,2a’2,3 + rn3,3a3,3 + rn3,4a4,3 + r’n&,5a‘5,3 + a3,1n.l.,3 + a3,2n2,3 + al,3n3,3 + a3,4n4,3 + a3,5nS,3 = O
rn?>,1a1,4 + r‘n3,2a2,4 + rn3,3a3,4 + rn?>,4a4,4 + rT]3,5a5,4 + aS,lnl,4 + a'3,2rl2,4 + a1,3n3,4 + a3,4n4,4 + a3,5r]5,4 = O
rnB,lai,S + nE,ZaQ,S + Ifrg,3a'3,5 + rn?:,4a4,5 + Ifn3,5a5,5 + aS,lnl,S + a3,2n2,5 + a1,3n3,5 + a3,4n4,5 + a3,5nS,5 = O
m4,lai,l + m4,282,l + m4,3a3,l + m4,4a4,l + m4,5a5,1 + a'4,1nl,1 + a'4,2n2,l + a'4,3n3,1 + a'4,4n4,1 + a'4,5n5,l = 0
m4,la1,2 + m4,2a2,2 + m4,3a3,2 + m4,4a'4,2 + m4,5a5,2 + a'4,lnl,2 + a'4,2nZ,2 + a4,3n3,2 + a'4,4n4,2 + a'4,5n‘;'>,2 = 0
m4,la1,3 + m4,2a2,3 + m4,3a3,3 + m4,4a4,3 + m4,5a‘5,3 + a4,lnl,3 + a4,2n2,3 + a’4,3n3,3 + a4,4n4,3 + a4,5nE,3 = 0
m4,la1,4 + m4,2a2,4 + m4,3a3,4 + m4,4a4,4 + m4,5a5,4 + a4,1n.l.,4 + a4,2n2,4 + a4,3n3,4 + a4,4n4,4 + a4,5nS,4 = O
m4,1a1,5 + m4,2a2,5 + m4,3a3,5 + m4,4a4,5 + m4,5a5,5 + a'4,lr11,5 + a'4,2“2,5 + a4,3nG,5 + a4,4n4,5 + a4,5r]5,5 = 0
Ile,lal,l + rnS,ZaZ,l + rn;'),SaS,l + rn;3,4a4,1 + rnS,SaSJ + a5,1n].,l + a5,2n2,l + a5,3nB,l + a5,4n4,1 + a5,5“5,1 = O
rnS,lal,Z + rT.15,2a2,2 + rnS,SaS,Z + n’15,48'4,2 + rrlS,SaS,Z + a5,ln1,2 + a5,2n2,2 + a5,3r13,2 + a5,4n4,2 + aS,SnS,Z = 0
rn:'z,la1,3 + rn:':,2a2,3 + rn:':,3a3,3 + rn:':,4a4,3 + rn:':,SaS,B + aS,lnl,3 + a‘5,2"]2,\':5‘ + a5,3n3,3 + aS,4n4,3 + a5,5n5,3 = O
rnS,1a1,4 + rnS,2a2,4 + rn:'>,3a3,4 + rn:':,4a4,4 + rnS,5a5,4 + a‘S,lnl,4 + a":3,2"-]2,4 + a5,3r]3,4 + aS,4n4,4 + aS,SnSA = 0
rn:'),lai,S + I‘n5,2a2,5 + rTE,3a3,5 + I‘rg,4a4,5 + rn5,5a5,5 + aS,lnl,5 + a5,2n2,5 + a5,3r13,5 + a‘5,4n4,5 + a5,5n5,5 = O

We can now collect afew terms.

(rnl,l + nl,l)ai,l + r-]2,la1,2 + n3,la1,3 + n4,lal,4 + n5,la‘l,5 + rnl,2a2,l + rnl,SaS,l + rn[,4a4,l + rnl,5a5,1 = O
nl,2a1,l + (rnl,l + n2,2)a1,2 + nS,2a1,3 + n4,281,4 + n5,2a1,5 + rnL,ZaQ,Z + rnL,SaS,Z + rnl,4a4,2 + rnL,Sa‘E:,Z = O
nl,3a1,1 + n2,3a1,2 + (rn.l.,l + n3,3)ai,3 + n4,3a1,4 + n5,3al,5 + r'r!l.,2a2,3 + rT!I.,3a3,3 + rn.l.,4a4,3 + rn.l.,5a5,3 = 0
nl,4a1,1 + n2,4a1,2 + nS,4a1,3 + (m,l + n4,4)a1,4 + n5,4a1,5 + I’r!l.,2a2,4 + rn.l.,3a3,4 + rT‘!I.,4a'4,4 + rn.l.,5a5,4 = 0



M@y +Mys8 , + M58 3+ 1y 58 , + (rnl,l + nS,S)ai,S TM 8,5+ M85+ M 85+ M85 = 0
m,,a, + (mz,z + nl,l)a2,1 T8 5 + 1385+ 18 4 + 15,8y 5+ 1M, 585, + M, 8y, + My 585, = 0
M, 18, + M8, + (mz,z + nz,z)az,z T8y 3+ M58 4 + 15,8, 5 + My 385, + 1M, 48, + My 585, = 0
My 185+ M85, +1N,58,, + (mz,z + ns,s)az,s F N384 T N385+ My 3855+ M, 48,3+ M, 853 = 0
M, 18 4 + 1485 + 1,48, + 1,85+ (nb,z + n4,4)az,4 T 485+ M8, + My 8, , + M58, = 0
My 85+ M8y + 158, 158, 5+ 1, 58 4 + (”E,z + n5,5)az,5 TMy 85+ M, 8,5+ M, 855 = 0
My &, +Mg,8,, + (ms,3 + nl,l)ae,l T 1,085, +M3,8 3+ M85, + 15,835+ M8y, + M8, = 0
M8, + My ,8,, + 1,8, + (”5,3 + nz,z)as,z F 8 3+ 1N, 585, + 15,835+ M 48, , + M85, = 0
My 8 5+ M58, 3+ My 385, + 1,585, + ('TE,S + n3,3)a3,3 TN 38 + N385+ My 48 5+ My 853 = 0
Myy8y 4 + My o8, , + 1y 485, +1, 485, + 1,8 5+ (ms,3 + n4,4)ae,4 TN 85+ M8, + M8, = 0
My @5+ M8, 5+ 1585, + My g8, + 1558 3+ 1,585, + (”5,3 + n5,5)as,5 M8, 5+ M85 = 0
m,,8; + M, ,8,, +M, 585, + (m4,4 + nl,l)a4,l T8, T 1538y 5+ 1,8y 4 + 15,8, 5+ M, 585, = 0
My 18y, + M, 58, 5 + My 385, + 1,8, + (m4,4 + nz,z)a4,2 T8, 3+ Ny 58y 4 + 15,8, 5+ M, 8, = 0
My 18y 3+ My 58, 3+ M 5853+ 38, + 1,58, , + (m4,4 + n:3,3)a4,3 TN 38y 4 T N385+ My 83 = 0
My 18y 4 + M58, 4 + My 38 4 1 480 + 1,48, + 1,8, 3+ (m4,4 + n4,4)a4,4 15485+ My 585, = 0
My &5+ M 585+ My 3855+ M58, + 1,58, , + M58, 5+ 1,58, , + (m4,4 + ns,s)a4,5 +My 85 = 0
M8y + M o801 + My 38, + My 48y, + (M5 + Ny )8, + Ny 085, + N85+ 1585, + Ngy855 =0
My 18y 5 + M 8, 5 + My 385, + M 48y 5 + N8y + (Mg + 1, )8, + 135855+ Ny 8, + Mg L85 =0
My 18 5 + 1M 58, 5+ My 5855+ M 48 3+ 1M 385, + 1,585, + (ms,s + n3,3)as,3 TNy 385, + N5 3855 = 0
My 18 4+ 1My 08 4 + My 385 4 + 1T} 48y 4 + 1 485, + 1,485, + 15,855+ (ms,s + n4,4)as,4 +Ng 855 = 0
My 8y 5 + My ,8, 5 + My 3855+ My 48 5 + My g8, + 1,585, 15853+ M, 585, + (m5,5 + ns,s)as,s =0

Recall that M and N are known, while A is not. Thus we have 25 equations in 25
unknowns. We order the variables by row, a,a,,:*,&5,8,,,"'*,85, and put the
equations into a 25x 25 matrix. Given the two matrices M and N, we can construct the

25x 25 matrix using the following procedure. Let N' be the transpose of N, and let
M, ; bethe 5x5 matrix created from the element m ; of M asfollows.

m, 0 0 0 0
0Om, 0 0 O
0 0 m, 0 O
0 0 0 m, O
0 0 0 0 m,




We can assemble the 25x25 matrix out of 5x5 matrices by first constructing the

following two matrices. (Note that each entry in the following matrices is itself a 5x5
matrix, giving usa 25x 25 in each case.)

NT O 0 0 0 11 1,2 13 1,4 15
NT 0 0 0 21 22 23 2.4 25
Z = O N 0 0

0O 0 N 0
0 0 O N

EN
iR
»
[N]
»
w
»
~
»
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N

I
< <Z = < Z
< <Z = < Z
< <Z = < Z
< <Z = < <Z
< <Z = < Z

o O O O

The required matrix is Z,+Z,. This procedure is (more or less) obvious from the

equations given above.

Since the constant terms are all zero, we know that A=0 is a solution to the 25x 25

matrix. The question we must ask is whether there is more than one solution. Gaussian
elimination, in its usual form, is useful for determining whether there is a single unique
solution to a system of equations. We must adapt it to determine whether there are
multiple solutions. Here is how thisis done.

First we use Gaussian elimination to put our 25x 25 matrix into row-echelon form. In

row-echelon form the matrix must meet the following criteria.

1.

Each row consists of a number of zeros followed by zero or more non-zero elements.
The position of the first non-zero element of a row is the lead position. The lead
position of row i is designated as lead(i) . By convention, the lead position of a zero

row is c+1, where ¢ isthe number of columnsin the matrix.
Suppose i > j >0 and suppose both row i and row | have non-zero elements. Then

the lead position of row i must be greater than the lead position of row j .

The lead position of a non-zero row must contain a 1.

The matrix may have one or more rows of all zeros, but these must appear at the end
of the matrix. No non-zero row may follow a zero row.

All entries below the lead position of a row must be zero (by 2 above). Similarly, al
the positions above the lead position of a row must be zero. (This last condition is not
always specified as a condition for row-echelon form, but it is required by our
algorithms.)

The following is an example of an 8x8 matrix in row echelon form. Row-echelon

matrices need not be square.



2

O O O O O O o o
o O O r OO O o

O O O o o o o
O O O O o o ok
o O O 0O o o r o
o O O 0O o r OO
o O O O+ OO0 O
O O O O kL O F Bk

The lead positions of rows 1-8 of matrix (2) are 1, 4, 5, 6, 8, 9, 9, and 9. The positions
above and below and to the left of alead position must be zero, but there is no restriction
on other positions.

To transform a matrix into row-echelon form, we perform Gaussian elimination as
usual, however, when we fail to find a pivot point for a column we move forward to the
next column of the same row and continue the elimination process from that point. Note
that failure to find a pivot point in a column implies that the entry in that column is zero
and all entries below it are zero. Reduction of pivot pointsto 1 is done immediately (This
is ano-op in GF(2).) Back substitution is done immediately after reduction of the pivot
point to 1. (This can be done without multiplication or division in GF(2).) Gaussian
elimination stops when all columns have been exhausted. Unlike conventional Gaussian
elimination, the matrix does not need to be square.

In matrix (2), we would fail to find pivot points at row 2 column 2, row 2 column 3
and at row 5 column 7. We aso note that in ordinary Gaussian elimination we could do
the reduction to 1 and back-substitution immediately. It's not normally done that way
because the algorithm is cleaner to save back-substitution until the end. However in our
case, finding the lead positions to do the back substitution is fairly complicated, so we do
it right away, when we have the lead position automatically identified.

In the general case, there can be three outcomes of the row echelon reduction. First if
there are no rows of all zeros, and the matrix is square, there is a single solution to the
system of equations. If there are no rows of al zeros and the matrix is not square, then
there are multiple solutions. If there are rows of all zeros, there may be one solution,
multiple solutions or there may be no solution. For there to be any solution the constant
term of all zero rows must be zero. In our case this will aways be true since all constant
terms are zero to begin with.

To determine the number of solutions it is necessary to compute the differential of all
non-zero rows. If there are multiple solutions, the solutions form a k-dimensional vector
space. If the original matrix was square, k isthe number of rows of all zeros in the row-
echelon matrix. If lead(i) is the lead position of row i, then the differential of row i is

given by diff(i)=lead(i+1)—lead(i)—1. Recall that if row i is al zeros then
lead(i) =c+1 where ¢ is the number of columns in the matrix. By convention, the

differential of arow of al zerosis zero.
The differential of arow-echelon matrix is the sum of the differentias of all non-zero
rows. The differential of the row-echelon matrix is the dimension of the solution space. If



the differential of the matrix is zero, then there is a single solution. Otherwise we use the
rows of non-zero differential to compute a set of basis vectors for the solution space.

rowi---1 x y O
rowi+1---0 0 0 1.-

vec‘tor/0|0 0| L
Part1 T Part 3

Part 2
Figure 1. The Regions of basis vectors.

Each basis vector will have a number of elements equal to the number of columnsin
the matrix and is divided into three regions, which are illustrated in Figure 1. Part 1 is
positions 1 through lead(i), part 2 is positions lead(i)+1 through lead(i+1) -1, and
part 3 is positions lead(i) through c, where c is the number of columns in the matrix.

Part 3 is filled with zeros. Part 2 will have exactly one position equal to 1 and zeros
elsewhere. The first vector will have 1 in position lead(i) +1, the second vector will have

alin position lead(i) + 2 and so forth. The values of part 1 are determined by the rows

preceding row i . Suppose we are creating the k™ vector with a1 in position lead(i) + k.
Now consider row j<i. If position lead(i)+k of row | contains the value x, and

lead(j) = p, then position p of the k™ vector must contain —x .

To return to the original problem, we have two pairs of matrices, (M,,M,) and
(N;,N,), and we want to know if there is a matrix A such that M;A= AN, and
M,A= AN,. We use the above procedure to solve two 25x 25 matrices and obtain two
sets of basis vectors, B={b,b,,---,b} and C={c,:--,c.}, with n and m elements

respectively. We want to know if there is some vector in the intersection of B and C.
Even more, if V; is the vector space generated by B and V. is the vector space

generated by C, we want to compute a basis for the vector space V; V. If a vector
veVg NV, then there are linear combinations of the B and C vectors such that
v=90b +d,b,+---+50b, =yc+y,C,++7,.C,. Since we want a basis for al such v,
we want to generate a basis for all solutions ((5,,9,,*+0,,71,75.**,7.,) Of the equation
o+, +--+0b, =yC+7,C+-+y.C,. Alternatively, this can be written
o +0,b,+--+ 6 b, + 7, +7,6,+-+y,C,=0. Each b and c; isa 25 element vector.
Let b, and ¢ ; denote the j™ position of vectors b and ¢ respectively. The equation
given above reduces to the following 25 equations.

OBy, +0,0,, ++ 60, +71C +7,Cn+ o+ Gy =0

OBy, + 0,0, 5+ + 00, + 711G, +7,Cn+ o+ 7, C, =0
OB s+ 0,0, 34+ 50,5+ 71C 3+ 7,05+ + Y Crz =0
OBy, +0,0, 4+ + 00, s+ 7G4+ YCout + Y Cra =0



b s+, 5+ +5.0, 5 +71Cs+7,Co5+  + ¥ Crs =0
Obg+ 0,06+ + 00,6 +71C6 +72Co6+ + Vs =0
OBy +0,0,, ++ 5,0, +7C,+7,Cp++ 7, Crr =0
Obg+ 00,5+ + b5+ 71Cg+7,C 5+ + Vi Crg =0
OB g+ 00+ + 50,9+ 71Clg + 72Cog + + Vg =0
OB 10+ 10+ + 010+ 71Ci10 T 72Com0 + F Va0 = 0
OBy, + 00,0, + + 80,11 +71C a1 +75C0 + F VinCran = O
Oy + 6,0, 1+ + 00,15 + 71C1p + 72Co0 + 7+ VinCinzo =0
OBy 15+ 00y 15+ + 0,13+ 71Cas + VoConz T F ViCinaz =0
OBy 1g + 0015+ + 00,10 + 7180 T 72Co0s 0+ VinCinaa =0
OBy 15+ O5by 15+ + 60,15+ 71Cas +72Cos + 1 F ¥1nCinas = 0
OB 16 + 16+ + 016 + 716 T 72Cot6 + 7 F VinCinas =0
OBy 17 + 050,17+ + 8. 0,17 + 71107 +75Co07 o+ ¥ sy =0
OBy 1g+ by 15+ + 60,18+ 71Cag +72Co0g + 7+ VinCinzs = 0
OB 19+ 03by 19+ + 00,10 + 71C1a9 T 72Co00 + 0+ VinCinae = 0
OB 20+ Ol 50+ + 00, 20 + 71C o0 + 72Co 0+ + VinCin2o = 0
O o1+ Ol 5+ + G0, o+ VG H VGt H Ve =0
O 2 + 00 0 40+ 00, 5+ 11C o+ V2Co 0+ H Ve =0
Oy 53+ 03b, 55+ + OB, 5 + 71 23 + 7 2Co s + 1+ Vi Cins = 0
OBy 54+ 00, 50+ + 00, 54+ 71C 24 + 75Co 00 T+ ¥1:Cn2a = 0
OB 5 + Ol 55+ + 00 o5 + 1€ o5 + 72Co 5+ F VnCinos = 0

This system of 25 equations in m+n unknowns can be solved using the procedure
given above. We concatenate the vector sets B and C to create a 25x(m+n) matrix.

We then transpose the matrix, reduce it to row-echelon form and then find the set of basis
vectors for the solution.

Thiswill tell us whether there is a matrix satisfying the original conditions, but it will
not tell us whether there is a non-singular matrix satisfying the conditions. To determine
this we generate all matrices in the intersection and test them for singularity. If we find a
non-singular matrix we stop.

If we have k basis vectors there are 2“ linear combinations of these vectors. We
generate a linear combination of these vectors, which gives us a selection vector that can
be used to create a linear combination of the B (or C) vectors. This linear combination
isactually amatrix in the intersection which can be tested for singularity.



